Abstract. Let G be a connected non-regular graph with n vertices, maximum degree ∆ and minimum degree δ, and let λ 1 be the greatest eigenvalue of the adjacency matrix of G. In this paper, by studying the Perron vector of G, it is shown that type-I-a graphs and type-I-b (resp. type-II-a) graphs with some specified properties are not λ 1 -extremal graphs. Moreover, for each connected non-regular graph some lower bounds on the difference between ∆ and λ 1 are obtained.
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B. Liu, Y. Huang, and Z. You ber of vertices and maximum degree as G. Let g(n, ∆) denote the set of all connected non-regular graphs with n vertices and maximum degree ∆.
Let G be a λ 1 -extremal graph of g(n, ∆). As we know that if ∆ = 2, then G is necessarily a path and λ 1 (G) = 2cos( π n+1 ), while G is isomorphic to K n − e and λ 1 (G) = n−3+ √ (n+1) 2 −8 2 if ∆ = n − 1 (n ≥ 4) (see [11] ). In the following, we can suppose that 2 < ∆ < n − 1.
Let V ∆ = {u | d(u) = ∆} and V <∆ = {u | d(u) < ∆}. It has been shown that a λ 1 -extremal graph of g(n, ∆) has the following special properties. 
Moreover, G ∈ g(n, ∆) is called a type-I (resp. type-II or type-III) graph if G has the property (1) (resp. (2) or (3)).
By studying the properties of λ 1 -extremal graphs, B. Liu et al. proved that
Now we divide type-I (resp. type-II) graphs into two classes as follows.
In this paper, by investigating the Perron vector of G, we show that type-I-a graphs are not λ 1 -extremal graphs, and type-I-b (resp. type-II-a) graphs with some specified properties are also not λ 1 -extremal graphs, which provide more evidence to confirm the following conjecture in [9] .
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Let G be a connected non-regular graph of order n. Stevanović first derived a lower bound of ∆ − λ 1 for G in [13] . Later this bound was improved in [3, 4, 11] . Let D (resp.d) denote the diameter (resp. the average degree) of G. In [3, 11] , the authors showed that
Thus combining (1.1) and (1.2), we have
( [9, 11] 
Recently, L. Shi [12] established another strong inequality as follows. In Section 3, we obtain the following inequalities which improve (1.4). 2. On λ 1 -extremal graphs. As is known to all, the Rayleigh quotient of the adjacency matrix A(G) on vectors f on V is the fraction
By the Rayleigh-Ritz Theorem we have the following well known property for the spectral radius of G.
The following technical lemma is useful in this paper.
Analogously, we introduce another technique called Splitting.
Proof. Without loss of generality, suppose
Hence
, which implies f would also be a Perron vector of G * . Then
This is a contradiction. Consequently,
Now let's turn to the study of λ 1 -extremal graphs. 
Proof. By contradiction, suppose G is a λ 1 -extremal graph.
Since G ∈ g(n, ∆) is a type-I-a graph, there exist
Let f be the Perron vector of G. We consider the next two cases:
which is a contradiction. Proof. Since G ∈ g(n, ∆) with 2 < ∆ < n − 1 is non-regular, we have D ≥ 2. Let u, v be vertices at distance D and let P :
Proposition 2.6. Let G = (V, E) ∈ g(n, ∆) be a type-I-b graph with 2 < ∆ < n − 1 and let f be a Perron vector of G. Assume that
. Note that there is at most one j ∈ T such that δ ≤ d(u j ) < ∆. Similarly as Subcase 1.1, we have
. Similarly as Subcase 1.1, and 0, D ∈ T . Note that there is at most one j ∈ T such that δ ≤ d(u j ) < ∆. Similarly as Subcase 1.2, we have
. Analogously, we obtain that
By combining the above inequalities (3.1)-(3.13), Theorem 3.1 holds.
Theorem 3.2. Let G ∈ g(n, ∆) with 2 < ∆ < n − 1, and minimum degree δ. Then
.
Proof. We may assume G ∈ g(n, ∆) with 2 < ∆ < n − 1 is a λ 1 -extremal graph. Applying Theorem 3.1 on Inequality (1.1), we obtain the desired result. Remark 3.3. Note that
since δ ≥ 1, the bound we obtain improves Inequality (1.4) (also see [9] ).
The following corollary is a direct consequence of Theorem 3.2.
. 
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Theorem 3.5. Let G ∈ g(n, ∆) with 2 < ∆ < n − 1, minimum degree δ, and average degreed. Then
Proof. Let
It is easy to see that
Then for x ≤ 1 2 + n − δ, the function f (x) is monotonically increasing in x.
On the other hand, we have the bound in Theorem 3.5 is better than that in Theorem 3.2. On the other hand, for most almost regular graphs of constant degree and large order, the bound in Theorem 3.2 is better. We conclude that these two bounds are incomparable.
